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Heat transfer in flow past a continuously moving porous flat plate

with heat flux
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Abstract. The analysis of the heat transfer in flow past a con-
tinuously moving semi-infinite plate in the presence of suction/
injection with heat flux has been presented. Similarity solutions
have been derived and the resulting equations are integrated
numerically. It has been observed that an increase in suction
value leads 10 an increase in temperature whereas it is opposite in
the case of injection.

Wirmeiibergang in einer Stromung hinter einer wiirmeabgebenden,
kontinuierlich bewegten, pordsen Platte

Zusammenfassung. Es wird eine Analyse des Warmetibergangs in
ciner Stromung hinter einer bewegten, halbunendlichen Platte bet
gleichzeitiger Absaugung bzw. Ausstrémung prasentiert. Mit Hilfe
von Ahnlichkeitsbetrachtungen wurden Lésungen erarbeitet und
die daraus resultierenden Gleichungen wurden numerisch inte-
griert. Als Ergebnis zeigte sich, dal zunehmende Absaugung zu
einer Erhohung der Temperatur fithrt, wihrend bei der Ausstro-
mung das Gegenteil der Fall ist.

1 Introduction

Boundary layer flows of a viscous, incompressible fluid
past a stationary semi-infinite flat plate was studied by
Blasius [1]. Howarth [2] and these have been discussed in
books by Schiichting [3], Pai [4], Rosenhead [5]. The
boundary layer adjacent to continuous moving solid sur-
faces was first investigated by Sakiadis [6]. In his pioneer-
ing papers the boundary layer differential equations for
continuous moving flat and continuous moving cylindrical
surfaces were presented. Flow of this type represents a
new class of boundary layer problems with solutions sub-
stantially different from those boundary layer flow on
stationary surfaces. However, the boundary conditions for
these two different classes of problems are different. A
polymer sheet or filament extruded continuously from a
die, or a long thread travelling between a feed roll and a
wind-up roll, is an example of a moving continuous
surface. Sakiadis’ paper also contained the development
of the integral momentum equation for both flat and
cylindrical continuous surfaces. In a subsequent publica-
tion Sakiadis [7] presented an exact and an approximate

solution for the case of laminar flow and flat geometry. An
approximate solution thought to be valid for turbulent
flow and flat geometry was also given. Later, Sakiadis (8]
treated the cases of laminar and turbulent boundary layers
on a continuous circular cylinder by an integral method.
Koldenhof [9] working independently, used an integral
technique somewhat different from that used by Sakiadis
to treat the problem of a laminar boundary layer on a
continuously moving cylinder. The equations of Kolden-
hof are essentially the same as Sakiadis. Koldenhof also
presented the results of an experimental investigation of
drag on continuous cylinders and good agreement was
obtained between the theoretical and experimental results.
Griffith [10] presented experimental data for shear stress
and velocity profiles in boundary layer adjacent to con-
tinuous moving cylindrical surfaces. These data qualita-
tively agreed with the data of Koldenhof. Griffith also
reasoned that for the boundary layer associated with
polymer spinning, the boundary layer equation of energy
could be linearized with loss of accuracy. Grffith
presented solutions to the linearized equation of energy in
his paper. The heat transfer aspect of Sakiadis’ problem
was studied by Tsou, Sparrow and Goldstein [11] and in
case of continuously moving cylinders, it was discussed by
Pechoc [12], Bourne and Elliston [13], Rotte and Beck [14],
Gampert [15, 16] and Karmis and Pechoc [17]. In Ref. [11],
the viscous dissipation effects were not considered. So on
taking into account the viscous dissipative effects, the
temperature field was studied by Soundalgekar and Murty
[18] and similarity solutions were presented. In Ref. [11],
the plate temperature was assumed as constant. Hence,
Soundalgekar and Murty [19] studied the effects of vari-
able temperature of the plate on the heat transfer in flow
past a continuously moving plate. However, in these
papers [1, 19] the plate was assumed to be impermeable
and hence it was not possible to apply suction/injection.
The significance of suction/injection for the boundary
layer control has been well recognised. It is often necessary
to prevent (or postpone) separation of the boundary layer
to reduce drag and attain high lift values. The effect of
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suction is to shift the point of separation in the direction
of motion or else the separation is completely avoided.
With this aim in mind, Soundalgekar and Murty [20]
studied the effect of suction/injection on flow past a con-
tinuously moving flat plate with variable temperature. In
Ref. [20], another physical situation which is of interest is
the study of heat transfer flow past a continuously moving
flat plate in the presence of suction and injection with
heat flux boundary condition. Such a study has not
received the attention of any research worker and hence it
1s proposed to study in this paper.

In Sec. 2, the mathematical analysis has been presented
and in Sec. 4, the conclusions have been set out.

2 Mathematical analysis

Here x-axis is taken along the sheet in the direction of
motion of the sheet, and y-axis is taken normal to it. The
sheet 1s assumed to be moving with a uniform velocity
Up. If u and v are the velocity components along x and y-
axis respectively, then the bounday layer equations gov-
erning the flow and heat transfer are given by the fol-
lowing equations:

U—+o—_—=v (1

Oox ay ¢ oy: X @
Here, T is the temperature of the fluid, v the kinematic
viscosity, «= (k/pc,) the thermal diffusivity, ¢, is the
specific heat at constant pressure, g is the density and k is
the thermal conductivity of the fluid.

The boundary conditions are

oT G
=U = Vy(x), —=—-2
u="U, v="V(x) o X
where g,, is the heat flux per unit area.
u=0, v=0, T=T, as y—= 0. 3)

Introducing the following similarity transformations

Uo ] Uov
'7=y1/—°, u=Upyf", b= nf -0
VX
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Fig. 1. Boundary ]ayer on a moving continuous flat surface with
injection
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Pr=

in Egs. (1) —(3), we get
S+ 3ff"=0 )

Pr
fp"+7(f</>’—f’ )] ()

and the boundary conditions are:

2
7(0) = '°(‘) VRe=fur f/O)=1. ¢'(0)=~

S () =0, (P(OO)= ‘ _ ()

Ll X
Here Re= - is the Reynolds Number.
v

In order to have a physical point of view of the
problem, numerical calculations of Eqs. (5) and (6) subject
to boundary conditions (7) are carried out for Prandtl
number Pr=0.7 (air) and the paramecter f, which re-
presents the velocity of suction or injection when f,, > 0
and f, <0 respectively. The temperature profiles are
shown 1n Fig. 2. Numerical values of ¢ (1) and ¢’ () have
been calculated and they are entered in Tables 1 and 2.
These results will be found useful in chemical industry
and fibre industry.

3 Method of solution

The Egs. (1) and (2) are to be solved the corresponding
boundary conditions (3). The velocity boundary layer
equation is non-linear in character and is independent of
the temperature field and therefore can be solved inde-
pendenty to the thermal boundary layer equation, whereas
the thermal boundary layer equation depends on the

>0 Suction
fa<0 —===Injection

= 0.7 (air)

Fig. 2. Temperature profiles, Pr
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Table 1. Table 1. (continued)
N Values of ¢ (n) Pr=0.7 (air) i Valuesof ¢ () Pr=10.7 (air)
S .
0.5 0.2 0.1 -0.1 -0.2 -0.5 0.5 0.2 0.1 -0.1 -02 -05
0.0 1.86863 1.74314 1.70232 1.62211 1.58272 1.46766 120 0.00081 0.00056 0.00048 0.00035 0.00030 0.00017
0.2 1.67804 1.55367 1.51323 1.43377 139477 1.28086 12.2 000046 0.00031 0.00027 0.00019 0.00017 0.00009
0.4 1.50556 1.38415 1.34470 1.26722 1.22921 1.11830 12.4 0.00014 0.00009 0.00008 0.00005 0.00005 0.00002
0.6 1.34999 1.23289 1.19485 1.12020 1.08360 0.97691
0.8 1.21008 1.09817 1.06184 0.99056 0.95564 0.85395
1.0 1.08452 0.97834 0.94389 0.87632 0.84322 0.74697
1.2 0.9720t 0.87186 0.83936 0.77563 0.74444 0.65383
1.4 0.87133 077727 0.74674 0.68689 0.65761 0.57267
1.6 0.78129 0.69324 0.66465 0.60863 0.58123 0.50188 Table 2.
1.8 0.70078 0.61858 0.59188 0.53956 0.51399 0.44008
20 062880 0.55221 0.52732 0.47857 0.45476 (.38607 n Values of — ¢ () Pr=0.7 (air)
2.2 0.56444 049318 0.47002 0.42467 0.40254 0.33883
24 0.50686 0.44065 0.41912 0.37699 035645 0.29748 I
2.6 045532 0.39386 0.37388 0.33479 0.31576 0.26126
2.8 0.40917 0.35216 0.33363 0.29740 0.27979 0.22951 0.5 0.2 0.1 -0.1 -02 -05
3.0 0.36782 0.31497 0.29780 0.26426 0.24798 0.20165
3.2 0.33074 0.28178 0.26588 0.23486 0.21984 0.17721 0.0 1.00000 1.00000 1.00000 [.00000 1.00000 1.00000
34 0.29747 (.25215 0.23743 0.20878 0.19492 0.15576 0.2 0.90673 0.89604 0.89246 0.88526 0.88164 0.87069
3.6 0.26716 0.22567 0.21207 0.18561 0.17285 0.13691 0.4 081907 0.80051 0.79434 0.78203 0.77588 0.75740
3.8 0.24078 0.20200 0.18943 0.16504 0.15329 0.12035 0.6 0.73759 0.71354 0.70561 0.68988 0.68206 0.65867
4.0 0.21667 0.18083 0.16923 0.14675 0.13596 0.10580 0.8 066257 0.63498 0.62596 0.60811 0.59927 0.57293
4.2 0.19499 0.16188 0.15119 0.13050 0.12059 0.09301 1.0 0.59406 0.56448 0.55486 0.53588 0.52650 0.49863
44 0.17549 0.14493 0.13507 0.11605 0.10695 0.08177 1.2 0.53192 0.50152 0.49166 0.47227 0.46270 0.43431
4.6 0.15794 0.12975 0.12067 0.10319 0.09486 0.06319 1.4 047586 0.44549 (0.43567 0.47227 0.46270 0.37863
48 0.14214 0.11615 0.10780 0.09176 -0.08413 0.05554 1.6 0.42550 0.39577 0.38617 0.36731 0.35800 0.33040
5.0 0.12791 0.10397 0.09630 0.08158 0.07460 0.04881 1.8 0.38040 035172 0.34246 0.32425 0.31526 0.28860
5.2 0.11509 0.09306 0.08601 0.07252 0.06615 0.04289 20 033013 0.31274 0.30388 0.28646 0.27786 0.25232
5.4 0.10354 0.08328 0.07681 0.06446 0.05865 0.03769 2.2 0.30421 0.27824 0.26984 0.25328 0.24509 0.22078
5.6 0.09313 0.07451 0.06858 0.05729 0.05198 0.03311 24 0.27220 0.24772 0.23978 0.22412 0.21636 0.19334
5.8 0.08375 0.06665 0.06122 0.05090 0.04607 0.02908 2.6 024369 022070 0.21322 0.19846 0.19115 0.19115
6.0 0.07529 0.05960 0.05463 0.04521 (.04082 0.02553 2.8 0.21829 0.19676 0.18974 0.17586 0.16898 0.14857
6.2 0.06766 0.05328 0.04874 0.04015 0.03615 0.02553 3.0 0.19567 0.17554 0.16896 0.15594 0.14948 0.13035
6.4 0.06078 0.04761 0.04366 0.03564 0.03201 0.02241 3.2 0.17550 0.15670 0.15055 0.13836 0.13231 0.1144]
6.6 0.05457 0.04253 0.03874 0.03162 0.02833 0.01967 3.4 0.15751 0.13997 0.13422 0.12282 0.11717 0.10047
6.8 0.04898 0.03797 0.03452 0.02805 0.02507 0.0t725 36 0.14144 0.12510 0.11973 0.10908 0.10380 0.08825
7.0 0.04393 0.03388 0.03074 0.02486 0.02217 0.01512 3.8 0.12708 0.11186 0.10685 0.09691 0.09199 0.07754
.2 0.03937 0.03021 0.02735 0.02203 0.01959 0.01325 40 0.11424 0.10006 0.09539 0.08614 0.08156 0.06815
7.4 0.03526 0.02692 0.02432 0.01950 0.01730 0.0116! 4.2 0.10275 0.08955 0.08520 0.07658 0.07233 0.05991
7.6 0.03155 0.02396 0.02161 0.01725 0.01527 0.01016 4.4 0.09245 0.08016 0.07612 0.06811 0.06416 .05268
7.8 0.02820 0.02132 0.01919 0.01525 0.01346 0.00888 4.6 0.08321 0.07179 0.06802 0.06058 0.05692 0.04632
8.0 0.02518 0.01894 0.01701 0.01346 0.01186 0.00776 4.8 0.07492 0.06430 0.06080 0.05390 0.05051 0.04074
8.2 0.02246 0.01681 0.01507 0.01187 0.01043 0.00677 5.0 006748 0.05761 0.05436 0.04796 0.04483 0.03583
8.4 0.02000 0.01489 0.01333 0.01046 0.00917 0.00590 5.2 0.06080 0.05163 0.04861 0.04269 0.03979 0.03152
8.6 0.01778 0.01318 0.01177 0.00920 0.00804 0.00514 5.4 0.05479 0.04628 0.04348 0.03800 0.03533 0.02773
88 0.01577 0.01164 0.01038 0.00807 0.00705 0.00447 5.6 0.04938 0.04148 0.03889 0.03382 0.03136 0.02439
9.0 00139 0.01025 0.00913 0.00707 0.00616 0.00387 5.8 0.04452 0.03719 0.03480 0.03011 0.02785 0.02146
9.2 0.01233 0.00901 0.00801 0.00618 0.00537 0.00335 6.0 004014 0.03335 0.03113 0.02681 0.02473 0.01888
9.4 0.0:108 0.00790 0.00701 0.00539 0.00467 0.00289 6.2 0.03620 0.02991 0.02786 0.02387 0.02196 0.01661
9.6 0.00953 0.00690 0.00611 0.00468 0.00405 0.00249 6.4 0.03265 0.02682 0.02493 0.02126 0.01950 0.01462
9.8 0.00833 0.00601 0.00531 0.00405 0.00350 0.00214 6.6 002945 0.02406 0.02231 0.01893 0.01732 0.01286
10.0 0.00725 0.00520 0.00459 0.00349 0.00301 0.00182 5.8 0.02657 002158 0.01996 0.01686 0.01538 0.01132
10.2  0.00627 0.00448 0.00395 0.00299 0.00257 0.00155 7.0 0.02397 0.01935 0.01787 0.01501 0.01366 0.00996
10.4 0.00539 0.00384 0.00337 0.00254 0.00219 0.00131 7.2 002162 0.01736 0.01599 0.01337 0.01213 0.00876
10.6 0.00459 0.00326 0.00286 0.00215 0.00184 0.00109 7.4 0.01951 0.01557 0.01431 0.01191 0.01077 0.00771
10.8 0.00387 0.00273 0.00240 0.00179 0.00154 0.00091 7.6 001760 0.01397 0.01281 0.01061 0.00957 0.00679
1.0 0.00322 0.00227 0.00198 0.00148 0.00126 0.00074 7.8 001589 0.01253 0.01147 0.00945 0.00850 0.00597
1.2 0,00264 0.00185 0.00161 0.00120 0.00102 0.00059 8.0 0.01434 0.01125 0.01027 0.00841 0.00755 0.00525
11.4 000211 0.00147 0.00128 0.00095 0.00081 0.00047 8.2 0.01294 0.01009 0.00919 0.00749 0.00670 0.00462
1.6 0.00163 0.00113 0.00099 0.00073 0.00062 0.00035 84 0.01167 0.00905 0.00823 0.00667 0.00595 0.00407
11.8 0.00120 0.00083 0.00072 0.00053 0.00045 0.00026 8.6 0.01054 0.00812 0.00736 0.00594 0.00529 0.00358
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Table 2. (continued)

n Values of — ¢’ ()  Pr=0.7 (air)
1.
0.5 0.2 0.1 -0.1 -0.2 -0.5

8.8 0.00951 0.00729 0.00659 0.00529 0.00470 0.00315

9.0 0.00858 0.00654 0.00590 0.00471 0.00417 0.00277

9.2 000774 0.00586 0.00528 0.00420 0.00371 0.00244

34 0.00699 0.00526 0.00473 0.00374 0.00329 0.00214

9.6 0.00631 0.00472 0.00423 0.00333 0.00292 0.00189

9.8 0.00569 0.00424 0.00379 0.00297 0.00260 0.00166
10.0 0.00514 0.00380 0.00339 0.00264 0.00230 0.00146
10.2 0.00464 0.00341 0.00304 0.00235 0.00205 0.00128
10.4 0.00419 0.00306 0.00272 0.00209 0.00182 0.00113
10.6 0.00378 0.00274 0.00243 0.00187 0.00161 0.00099
10.8 0.00341 0.00246 0.00218 0.00166 0.00143 0.00087
11.0 0.00308 0.00221 0.00195 0.00148 0.00127 0.00077
11.20.00278 0.00198 0.00174 0.00132 0.00113 0.00068
11.4 0.00251 0.00178 0.00156 0.00117 0.00100 0.00059
11.6 0.00226 0.00159 0.00140 0.00104 0.00089 0.00052
11.8 0.00204 0.00143 0.00125 0.00093 0.00079 0.00046
120 0.00184 0.00128 0.00112 0.00083 0.00070 0.00040
12.2 0.00166 0.00115 0.00100 0.00074 0.00062 0.00035
124 0.00150 0.00103 0.00090 0.00066 0.00055 0.00031

velocity field and can be solved only when the velocity
field is known. The first equation is of the third order and
the latter is of the second order. For the functions
determined by the Egs. (1) and (2), three boundary
conditions at # =0 and two at = occ. We have solved the
Egs. (1) and (2) numerically using Taylor series method
on CDC-3600 computer with the interval size 45 = 0.05.
To satisfy the boundary conditions (1-2), three of which
at #=0 and the remaining two are given at n= <, we
compute the solutions of (1 -2) assuming guess values of
f7(0) and ¢(0). The solutions may not in general satisfy
the boundary conditions f"(>c)=0 and ¢(x)=0. De-
pending on whether the computed value of /7 (o) is less
than zero or greater than zero., one either increases or
decreases the guess value assumed for £ (0). This process
is continued until /’ (20) tends to zero asymptotically. In a
similar manner ¢ (o) is also corrected. This is the well
known “Shooting Method™ of solving a two point bound-
ary value problem.

4 Conclusions

l. An increase in suction value resulted in the increase in
temperature.

2. An increase in injection value resulted in the de-
crease in temperature.

3. An increase in suction value leads to an increase in
{~ ¢ (n)} the rate of heat transfer.

4. An increase in injection value leads to a fall in rate of
heat transfer, {— ¢’ (#)}.
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