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odeling and inversion of PS-wave moveout asymmetry
or tilted TI media: Part 2 — Dipping TTI layer

awan Dewangan1 and Ilya Tsvankin2

ABSTRACT

Dipping transversely isotropic layers with a tilted symmetry
axis �TTI media� cause serious imaging problems in fold-and-
thrust belts and near salt domes. Here, we apply the modified PP
+ PS = SS method introduced in Part 1 to the inversion of long-
offset PP and PS reflection data for the parameters of a TTI layer
with the symmetry axis orthogonal to the bedding. The inversion
algorithm combines the time- and offset-asymmetry attributes of
the PSV-wave with the hyperbolic PP- and SS-wave moveout in
the symmetry-axis plane �i.e., the vertical plane that contains the
symmetry axis�.

The weak-anisotropy approximations for the moveout-asym-
metry attributes, verified by numerical analysis, indicate that
small-offset �leading� terms do not contain independent informa-
tion for the inversion. Therefore, the parameter-estimation algo-
rithm relies on PS data recorded at large offsets �the offset-to-
depth ratio has to reach at least two�, which makes the results
generally less stable than those for a horizontal TTI layer in
Part1. The least-resolved parameter is Thomsen’s coefficient �

that does not directly influence the moveout of either pure or con-
verted modes.

Still, the contribution of the PS-wave asymmetry attributes
helps to constrain the TTI model for large tilts � of the symmetry
axis �� � 40°�. The accuracy of the inversion for large tilts can
be improved further by using wide-azimuth PP and PS reflec-
tions. With high-quality PS data, the inversion remains feasible
for moderate tilts �25° � � � 40°�, but it breaks down for mod-
els with smaller values of � in which the moveout asymmetry is
too weak. The tilt itself and several combinations of the medium
parameters �e.g., the ratio of the P- and S-wave velocities in the
symmetry direction�, however, are well constrained for all sym-
metry-axis orientations.

The results of Parts 1 and 2 show that 2D measurements of the
PS-wave asymmetry attributes can be used effectively in aniso-
tropic velocity analysis for TTI media. In addition to providing
an improved velocity model for imaging beneath TTI beds, our
algorithms yield information for lithology discrimination and
structural interpretation.
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INTRODUCTION

Estimation of the parameters of tilted transversely isotropic �TTI�
edia is essential for anisotropic imaging beneath TTI formations

nd characterization of dipping fracture systems. Mode-converted
S-waves make a useful contribution in building TTI velocity mod-
ls because of their high sensitivity to the anisotropic parameters.

In Part 1 �Dewangan and Tsvankin, 2006a�, we proposed a modi-
cation of the PP + PS = SS method developed by Grechka and Ts-
ankin �2002� and Grechka and Dewangan �2003� for joint process-
ng of PP and PS reflection data. In addition to the pseudoshear
aves that possess the kinematics of pure SS primaries, our algo-

ithm generates attributes of the moveout asymmetry of PS-waves.
e also showed that the asymmetry attributes provide crucial infor-
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D123
ation needed to estimate the parameters of a horizontal TTI layer
rom surface PP and PS data.

The moveout of PS-waves becomes asymmetric if the traveltime
oes not stay the same when the source and receiver are inter-
hanged. For a horizontal TTI layer �Part 1�, the asymmetry is
aused by the tilt of the symmetry axis. Another possible reason for
he PS-wave moveout asymmetry is lateral heterogeneity in the form
f lateral velocity variations or nonhorizontal reflectors. For exam-
le, PS moveout is asymmetric even in an isotropic or VTI �TI with a
ertical symmetry axis� layer above a plane dipping reflector �Tsvan-
in and Grechka, 2000, 2002�.

In active tectonic areas, originally horizontal TI layers are often
otated so that the symmetry axis remains orthogonal to the layer
oundaries. Dipping shale layers of this type are commonly ob-
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D124 Dewangan and Tsvankin
erved in the fold-and-thrust region of the Canadian Foothills �e.g.,
saac and Lawton, 1999� and near salt domes �Tsvankin, 2001�. Ig-
oring anisotropy in dipping TTI beds can cause significant misposi-
ioning of reflection events in both vertical and horizontal directions
Isaac and Lawton, 1999; Vestrum et al., 1999; Lawton et al., 2001�.
lthough migration algorithms can be readily extended to TTI me-
ia, accurate estimation of the required anisotropy parameters for
maging purposes remains a difficult problem.

The 2D inversion of P-wave normal-moveout �NMO� velocities
or the parameters of dipping TTI layers with the symmetry axis per-
endicular to the bedding was discussed by Grechka et al. �2001�.
lthough their method performed well on full-waveform physical-
odeling data, it is based on a number of simplifying assumptions

bout the model �e.g., the medium above the TTI layer has to be iso-
ropic and homogeneous�. Also, in addition to reflections from the
TI layer itself, the algorithm of Grechka et al. �2001� requires re-
ection data from a deeper horizontal interface. A review of several
ther velocity-analysis algorithms for TTI media �e.g., Grechka and
svankin, 2000� can be found in Part 1. It should be emphasized that

f the dip and tilt of the symmetry axis are smaller than 40°, none of
he existing methods can yield stable parameter estimates for a TTI
ayer using only PP and PS reflection data.

In this paper, we extend the methodology introduced in Part 1 to
he inversion of multicomponent �PP and PSV� data acquired above
TTI layer with the symmetry axis orthogonal to the layer’s bottom.
he moveout asymmetry of PS-waves in this model is caused by
oth the reflector dip and the tilt of the symmetry axis, which are set
qual to each other. The modified PP + PS = SS method yields the
SV-wave asymmetry attributes, which we combine in the inversion
rocedure with the NMO velocities, zero-offset traveltimes, and re-
ection time slopes of the pure PP and SS reflections.
The inversion algorithm is designed to estimate the P- and S-wave

elocities in the symmetry direction �VP0 and VS0, respectively�, Th-
msen �1986� anisotropy parameters � and �, the tilt �, and the thick-
ess of the layer using solely reflection traveltimes. We present sim-
le analytic approximations for the time- and offset-asymmetry at-
ributes of the PSV-wave and demonstrate that independent informa-
ion for the inversion is contained in higher-order terms in offset,
hich become substantial as the offset-to-depth ratio approaches

wo. Numerical tests with the asymmetry attributes contaminated by
aussian noise help to evaluate the stability of each parameter for a
ide range of plausible TTI models. In combination with our layer-

tripping technique �Dewangan and Tsvankin, 2006b�, this inver-
ion method can be applied to layered anisotropic media.

ASYMMETRIC PS-WAVE MOVEOUT
IN A DIPPING TTI LAYER

For laterally heterogeneous models, such as a layer above a dip-
ing reflector, the moveout of converted waves becomes asymmet-
ic even in the absence of anisotropy �e.g., Tsvankin and Grechka,
000�. This asymmetry is commonly observed on split-spread com-
on-midpoint gathers �CMP� in the offset domain because the trav-

ltime does not stay the same when the source and receiver positions
re interchanged. However, since these reciprocal traveltimes corre-
pond to different reflection points, offset-domain measurements of
he moveout asymmetry may be distorted by the influence of the re-
ector shape.
oveout asymmetry from the PP + PS = SS method

An important advantage of estimating the asymmetry from the
odified PP + PS = SS method is that each pair of the reciprocal PS

vents is guaranteed to have the same reflection point. Indeed, the
ethod is designed to identify two PS-waves converted at the reflec-

ion point of a given PP-arrival �see Figure 1 in Part 1�. Then the trav-
ltime of the SS-wave, which is not physically excited by the source,
s obtained by combining the reflection times of the PP-wave and
wo PS-waves.

We consider a homogeneous TTI layer with the axis of symmetry
rthogonal to the layer’s bottom �reflector�, which may have an arbi-
rary dip. Then the symmetry axis is confined to the dip plane of the
eflector, which represents the only vertical symmetry plane of the
odel �we call it the symmetry-axis plane�. The x1-axis of the Carte-

ian coordinate system points in the updip direction of the reflector
Appendix A�.

According to Snell’s law, the projection of the slowness vector
nto the reflector should be the same for all reflected waves. If we de-
ote the slowness components in the dip and strike directions of the
eflecting interface by pint1 and pint2 �both pint1 and pint2 are confined to
he reflector plane�, the difference between the traveltimes of the two
S-waves with the same reflection point can be represented as

�tPS = tPS�pint1,pint2� − tPS�− pint1,− pint2� = �tP + �tS,

�1�

here �tP and �tS are the contributions to �tPS from the P- and
-legs of the PS ray, respectively. Equation 1 has the same form as

he expression for �tPS in Part 1, where the slowness components are
omputed for a horizontal interface.

Following Part 1, we also define the measure of asymmetry in the
ffset x �equation A-4� using the two PS-waves with the opposite
igns of the slowness projection onto the reflector:

� xPS = xPS�pint1,pint2� + xPS�− pint1,− pint2� . �2�

To gain insight into the influence of the model parameters on the
ime- and offset-asymmetry attributes, we analyze approximate ex-
ressions for �tPS and � xPS obtained in Appendices A and B under
he assumption of weak anisotropy ���� � 1 and ��� � 1� and small
ffset-to-depth ratio ��pint1 VP0� � 1 and �pint2 VP0� � 1�. As shown
n Appendix A, the approximate time-asymmetry attribute �tPS for
he PSV-wave in the symmetry-axis plane �i.e., for the azimuth

= 0� is given by

�tPS =
− 2 sin�

VS0
� xSS +

�1 + 4��VP0
2 sin� cos2 �

4�1 + 2	�3VS0
3 zd

2 xSS
3 ,

�3�

here 	 � �VP0/VS 0�2�� − ��, � � �	 − ��/�1 + 2	�, xSS is the
ffset of the computed SS-wave, and zd is the normal distance from
he CMP to the reflector. The parameter � was introduced by Grech-
a and Dewangan �2003� who showed that it can be obtained from
he zero-offset traveltimes and NMO velocities of P- and SV-waves
n layer-cake VTI media. Note that, although equation 3 is supposed
o be linearized in the anisotropy parameters, the parameter 	 was
etained in the denominator of the xSS

3 -term to increase the accuracy
f the approximation �seeAppendix A�.

As expected, the asymmetry attribute �tPS vanishes for zero tilt
nd dip �� = 0� when the medium becomes VTI. Note that PS move-
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Inversion for a dipping TTI layer D125
ut is asymmetric even in a dipping isotropic layer, where the cubic
equation 3� and higher-order terms in xSS do not go to zero.

Figure 1 shows �tPS computed for a typical dipping TTI model
rom the exact equations 1 and A-1, as well as from the weak-aniso-
ropy approximation �equation 3�. While the initial slope of �tPS is
ell-described by the linear term in equation 3 even for large abso-

ute values of � and 	, the cubic and higher-order terms make a sig-
ificant contribution at far offsets that correspond to offset-to-depth
atios of about two for the PP and PS data. Although the accuracy of
he weak-anisotropy approximation decreases with offset, it correct-
y reproduces the trend of �tPS�xSS� for moderate offset-to-depth ra-
ios.

The weak-anisotropy approximation for the azimuthally varying
ffset-asymmetry attribute �equation 2� is derived inAppendix B. In
he symmetry-axis plane �� = 0�, the approximate �xPS takes the
ollowing form:

�xPS =
sin�

2zd
� �1 + 4��VP0

2

�1 + 4	�VS0
2 − 1�xSS

2 . �4�

quation 4 indicates that for typical TI models with 	 � �, the con-
ribution of anisotropy reduces the offset-asymmetry attribute,
hich is confirmed by the numerical results in Figure 2. The weak-

nisotropy approximation �equation 4� deteriorates with increasing
ffset because the exact solution is influenced by the quartic term in
SS even for offset-to-depth ratios of the PS-wave close to two. For
he moderately anisotropic model in Figure 2, the magnitude of �xPS

eaches up to 50% of the CMP–to–reflector distance. However, the
SS
2 -term in equation 4 does not contain independent information for
stimating the model parameters.

Because of the influence of moveout asymmetry, the minimum
raveltime of PS-wave on a CMP gather is not recorded at zero offset
Tsvankin and Grechka, 2000; Part 1�.An analytic expression for the
zimuthally-dependent offset xmin��� of the traveltime minimum is
btained in Appendix B by assuming a small dip � and linearizing
he exact equation in the anisotropy parameters. In the symmetry-ax-
s plane, the approximation for xmin reduces to

xmin�� = 0� =
zd

2 cos2 �
� sin�

VP0
−

sin�

VS0
�


�VP0�1 + 2�� + VS0�1 + 2	�� . �5�

lthough anisotropy does make a substantial contribution to xmin��
0�, all terms in equation 5 can be found from the NMO velocities,

ero-offset traveltimes, and reflection time slopes of the pure �PP
nd SS� reflection modes �see below�.

PARAMETER ESTIMATION

As discussed in Part 1, the main prerequisite for successful appli-
ation of the inversion algorithm introduced here is acquisition of
ong-offset PP and PS data. First, offset-to-depth ratios of at least
wo for the recorded PP- and PS-waves are needed for stable estima-
ion of the NMO velocity for the constructed SS arrivals. Second, ac-
uiring PS data for a wide range of offsets ensures a sufficiently large
agnitude of the moveout-asymmetry attributes used in the parame-

er estimation. Measurements of the asymmetry attributes at long
ffsets are particularly important in the inversion for a dipping TTI
ayer �see below�.
ata processing

The data processing flow is similar to that described in Part 1. The
P + PS = SS method yields pseudoshear data, whose reflection
oveout can be used to estimate the stacking �NMO� velocity

Vnmo,S�, zero-offset traveltime �tS0�, and time slope on zero-offset
ection �i.e., the ray parameter pS0� for the SS-waves �here, we oper-
te only with SV-waves�. The same parameters for the recorded PP-
aves �Vnmo,P, tP0, and pP0� can be obtained from conventional hyper-
olic semblance analysis. For wide-azimuth data, the NMO veloci-

igure 1. Time-asymmetry attribute �tPS for the PSV-wave in the
ymmetry-axis plane of a dipping TTI layer. The exact �tPS is
arked by the solid line, the weak-anisotropy approximation �equa-

ion 3� by the dashed line with stars, the linear term in equation 3 by
he dashed line, and �tPS in the reference isotropic model �� = �

0� by the dash-dotted line. �tPS is normalized by the zero-offset
raveltime of the PS-wave. The medium parameters are VP0

4 km/s, VS0 = 2 km/s, � = 0.25, � = 0.1, � = 25°, and zd = 1 km.
he maximum offset-to-depth ratio of the input PP and PS data is
lose to two.

igure 2. Offset-asymmetry attribute �xPS for the PSV-wave in the
ymmetry-axis plane. The exact �xPS is marked by the solid line, the
eak-anisotropy approximation 4 by the dashed line, and �xPS in the

eference isotropic model by the dash-dotted line. �xPS is normal-
zed by the distance zd between the CMP and the reflector. The medi-
m parameters are the same as those in Figure 1.
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D126 Dewangan and Tsvankin
ies of the PP- and SS-waves are replaced by the NMO ellipses deter-
ined from azimuthal moveout analysis �Grechka and Tsvankin,

999; Part 1�.
Then we combine the moveout parameters of the pure PP and SS

eflections with the two PS-wave asymmetry attributes obtained
rom a modified PP + PS = SS method: �tPS �equations 1 and 3� and
xPS �equations 2 and 4�. The offset xmin �equation 5� that was used in
art 1 does not contain any additional information about the model
nd, therefore, is not included in the inversion.

nversion algorithm

Suppose that both PP and PS �PSV� reflection data are acquired in
3D survey for a wide range of azimuths, and the PP + PS = SS
ethod is used to generate pseudoshear reflections and the asymme-

ry attributes of the PSV-wave3. The orientation of the symmetry-ax-
s plane can be established from the NMO ellipses of the pure modes,
hose axes are aligned with the dip and strike directions of the re-

3As in Part 1, SV-wave is the shear wave polarized in the plane formed by t

igure 3. Probability density function of the tilt � computed from
quation 6 assuming a 2% error in the NMO velocities. The model
arameters are the same as those in Figure 1.

igure 4. Range of possible solutions for the parameters �a� � and �b�
P0 obtained from PP- and SS-waves in the symmetry-axis plane by

canning over the tilt �. All model parameters except for the tilt ��
5°, 25°, and 60°� are the same as those in Figure 1 �� = 0.25, VP0

4 km/s�.
ector. Processing of the PP-waves yields the semi-axes of the
-wave NMO ellipse �Vnmo,P

dip and Vnmo,P
strike �, zero-offset traveltime, and

ime slope on the zero-offset section:

V nmo,P
dip =

V P0
	1 + 2�

cos�
, V nmo,P

strike = VP0
	1 + 2� , �6�

tP0 =
zd

VP0
, �7�

pP0 =
sin�

VP0
. �8�

he velocity V nmo,P
dip for the TTI model with the symmetry axis or-

hogonal to the reflector is derived in Tsvankin �1995, 2001�; we
ound the strike component of the NMO ellipse in a similar way. The
xpressions for tP0 and pP0 are obtained using the fact that the zero-
ffset ray in our model is parallel to the symmetry axis.

The corresponding attributes for the SS-wave can be estimated
rom the computed SS data:

V nmo,S
dip =

VS0
	1 + 2	

cos�
, V nmo,S

strike = VS0
	1 + 2	 , �9�

tS0 =
zd

VS0
, �10�

pS0 =
sin�

VS0
. �11�

The model vector for the TTI layer includes the following compo-
ents:

m � 
VP0,VS0,�,�,�,zd� , �12�

here the tilt � of the symmetry axis is taken to be equal to the reflec-
or dip. For noise-free data, all six model parameters can be recov-
red uniquely using the NMO velocities, zero-offset traveltimes, and
ero-offset time slopes of the PP- and SS-waves. Indeed, the tilt �
an be found from the ratio of the NMO velocities of either wave in
he dip and strike directions, which allows us to obtain the vertical
elocities VP0 and VS0 from the ray parameters pP0 and pS0. Finally,
he distance zd and parameters � and � can be inferred from the zero-
ffset times and NMO ellipses. However, in the presence of noise,
stimation of the tilt from the ratio of the NMO velocities is highly
nstable for small and moderate values of �.

This instability can be illustrated by computing the range of possi-
le tilt values for the NMO velocities contaminated by Gaussian
oise with a standard deviation of 2% �Figure 3�. The estimation of
ilt is unbiased with the distribution centered at the correct value ��

25°�, and has a standard deviation close to 3.5°. According to the
ensitivity plots in Figure 4 �this plot is discussed in detail below�,
uch a scatter in � is sufficient to cause unacceptably large errors in
he parameters � and VP0. Thus, a realistic distortion of 1-2% in the
MO velocities propagates with a significant amplification into the
ther parameters. This conclusion is also supported by the results of
rechka et al. �2002�, who found the inversion of the PP and SS

SVSV� NMO ellipses, zero-offset times, and reflection time slopes
n a dipping TTI layer to be nonunique for tilts and dips smaller than
0–40°.

ess vector and the symmetry axis.
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Inversion for a dipping TTI layer D127
It is important for practical applications to study the inverse prob-
em for the common case when only 2D data in the symmetry-axis
lane are available. The pure-mode data vector in this case has six el-
ments �V nmo,P

dip , tP0, pP0, V nmo,S
dip , tS0, and pS0� but only five of them are

ndependent because of the constraint,

pS0

pP0
=

tS0

tP0
. �13�

Since the model vector �equation 12� has six parameters, 2D in-
ersion cannot be carried out without additional information, such as
he asymmetry attributes of the PS-wave. The results of the previous
ection, however, indicate that the leading terms in the expressions
or asymmetry attributes depend on just the moveout parameters of
he pure �PP and SS� modes. Indeed, rewriting equations 3–5 in
erms of the NMO velocities, zero-offset times, and reflection time
lopes of the PP- and SS-waves, we find �only the linear term in
quation 3 is included�

�tPS = pS0�V nmo,P
2 t P0

2

V nmo,S
2 t S0

2 − 1 xSS, �14�

�xPS =
pS0

2tS0
�V nmo,P

4 t P0
2

V nmo,S
4 t S0

2 − 1 xSS
2 , �15�

xmin =
tS0

2pS0
�pP0 − pS0��V nmo,P

2 pP0 + V nmo,S
2 pS0� .

�16�

ll NMO velocities in equations 14–16 are the dip components of
he NMO ellipses measured in the symmetry-axis plane.

Clearly, only the departure of the exact asymmetry attributes from
he small-offset approximations �equations 14–16� can provide in-
ependent information for the parameter estimation. As illustrated
y Figures 1 and 2, such departures for both the time- and offset-
symmetry attributes become substantial when the offset-to-depth
atio for the recorded PP and PS data approaches two.

We propose the following algorithm to invert the 2D multicompo-
ent data in the symmetry-axis plane for the model vector �equation
2�:

For each value of the tilt � from 0° to 90°, find the model vector
from the parameters Vnmo,P

dip , tP0, pP0, Vnmo,S
dip , tS0, and pS0 �equations

6–11�. Restrict the range of plausible tilts by putting reasonable
constraints on the parameter � �0 � � � 1; see Figure 4�.
Taking into account errors in the measured quantities, compute
the range of models that fit the pure-mode data within the noise
level for each plausible tilt.
For each model found in the previous step, compute the asymme-
try attributes from the exact equations 1 and 2.
Calculate the following misfit function for the asymmetry at-
tributes over the full range of offsets �the maximum offset-to-
depth ratio of the PP and PS data should be no smaller than two�:

F �
� ��tPS

calc − �tPS
meas�2

�� �tPS
meas�2

+
� ��xPS

calc − �xPS
meas�2

�� �xPS
meas�2

.

�17�

Identify the model vector that minimizes the misfit function.
Prior to applying the inversion algorithm, we present the sensitivi-
y analysis for noise-free data. For the test in Figure 4, we computed
he NMO velocities, zero-offset traveltimes, and reflection time
lopes for the PP- and SS-waves from the exact equations for three
ifferent values of the tilt �. Then, for each of the three models we
canned over tilt and computed the model parameters from equa-
ions 6–11, as described above. It is clear from Figure 4a that the pa-
ameter � is highly sensitive to �, and only a narrow range of tilts pro-
uces plausible � values within the interval 0 � � � 1. The varia-
ion of the parameter � with � is particularly rapid for small tilts
orresponding to models approaching VTI. Therefore, putting rea-
onable constraints on � helps to reduce substantially the range of �
or which we need to compute the asymmetry attributes at the second
tage of the inversion procedure.

According to Figure 4a, small errors in � may produce large dis-
ortions in estimated �, especially for mild tilts. The problem in re-
olving � is related to the fact that it contributes to the data vector
nly indirectly, through the parameter 	 �equations 6–11�. Both 	
nd � are more tightly constrained by the input data than is � �see
elow�, with the exception of quasi-VTI models with small �, for
hich the inversion as a whole breaks down. In contrast to �, the ver-

ical velocity VP0 is much less sensitive to the tilt, especially for mod-
rate and large values of � �Figure 4b�. The dependence of the pa-
ameters VS0 and zd on � shows a pattern similar to that for VP0.

To identify the true model from the range of models that fit the
ure-mode data, we use the time- and offset-asymmetry attributes in
he symmetry-axis plane. Figure 5 displays the square-root of the ob-
ective �misfit� function �equation 17�, which is equivalent to the
tandard deviation of the error in each of the asymmetry attributes.
he expected value of the misfit function can be represented as

E�F� = E� 
x − �x + � x�� · 
x − �x + � x��
x · x

�
= E��2� = �

2 + �E����2 = �
2,

here � is a random variable with zero mean and standard deviation
�, and x is the vector of either the time- or offset-asymmetry values

or different offsets.
For noise-free data, all model parameters can be estimated

niquely because the misfit function for both �tPS and �xPS goes to
ero at the correct tilt angle �Figure 5�. In the presence of noise, the

igure 5. Square root of the misfit function equation 17 for �a� the
ime-asymmetry attribute �tPS; and �b� the offset-asymmetry at-
ribute �xPS. The misfit function is computed for the models in Fig-
re 4 which fit the pure-mode data and satisfy the constraint 0 � �

1.
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D128 Dewangan and Tsvankin
esolution in tilt becomes lower for larger values of � where the mis-
t function increases more slowly away from the correct solution.
his result is supported by equation 3 for the time-asymmetry at-

ribute �tPS in which the ratio of the cubic and linear terms in offset
ecreases with �. As discussed above, only the cubic and higher-or-
er terms in the equation for �tPS contain independent information
or the inversion.

Note that the high resolution in � for quasi-VTI models with mild
ilt does not mean that the rest of the parameters can be estimated
ith high accuracy. Despite the tight constraints on the tilt provided
y both the pure-mode signatures and the asymmetry attributes, not
nly �, but also � and the vertical velocities are too sensitive to tilt for
he inversion to be sufficiently stable �see the numerical results be-
ow�.

Figure 5 also shows that the time- and offset-asymmetry attributes
rovide comparable resolution in tilt, although �xPS performs some-
hat better than �tPS for relatively large tilts and also for large errors

n the asymmetry attributes. Therefore, the inversion algorithm em-
loys equation 17 with equal weights for �tPS and �xPS.

umerical examples

To evaluate the stability of the parameter estimation, we present a
eries of numerical tests in which the input data were computed from
he exact equations and contaminated by Gaussian noise. For each

igure 6. Inverted parameters �dots� of a dipping TTI layer with � =
D PP and PS data in the symmetry-axis plane. The correct model pa
y the crosses. The dashed lines on the ��,��, �VP0,VS0�, and ��,zd� plo
orrect values of �, VP0/VS0, and sin �/zd, respectively. The input data
y Gaussian noise with the standard deviations of 2% for the NMO
he zero-offset traveltimes, 1% for the time slopes, and 2% for the P
ttributes.

igure 7. Inversion results for a model with same parameters as thos
or the tilt � = 25°. The dashed lines on the ��,��, �VP0,VS0�, and ��,
o the correct values of �, VP0/VS0, and sin �/zd, respectively. The sta
he asymmetry attributes are increased to 6%; the deviations in the NM
ero-offset traveltimes �0.5%�, and time slopes �1%� remain the same
odel, the parameter vector m �equation 12� is obtained for 200 real-
zations of the input data using the inversion algorithm described
bove.

In the previous section, we showed that the leading terms in the
ffset xSS in the equations for the asymmetry attributes do not pro-
ide independent information for the parameter estimation. There-
ore, to assess the accuracy of the inversion, it is convenient to define
he ‘‘nonlinearity factor’’for the time asymmetry �tPS as

NL � max� ��tPS
lin − �tPS

exact�
��tPS

lin � � , �18�

here �tPS
exact is the exact value and �tPS

lin is the linear term in xSS �equa-
ion 3�; NL is computed for the maximum PS-wave offset-to-depth
atio equal to two. Since the sensitivity of the offset-asymmetry at-
ribute to the model parameters is similar to that for the time asym-

etry �see Figure 5�, we do not include �xPS in equation 18. If the
onlinearity factor is large �close to or greater than unity, according
o our estimates�, nonlinear terms in �tPS are substantial and the
symmetry attributes typically provide significant independent in-
ormation for the inversion.

First, we consider TTI media with large tilts of the symmetry axis
� � 40°�, which also implies steep dips. Such models are typical
or the Rocky Mountain Foothills in Western Canada and other fold-
nd-thrust belts that contain steeply dipping TI shale layers �e.g.,
saac and Lawton, 1999�.

The inversion for � = 60° produces unbiased
results, with the mean of each model parameter
close to the correct value �Figure 6�. Whereas the
nonlinearity factor for the model in Figure 6 is
smaller than unity �NL = 0.6�, the moveout
asymmetry is quite pronounced, with the maxi-
mum of �tPS reaching 20% of the zero-offset PS
traveltime, and the maximum of �xPS at far off-
sets reaching 70% of zd. In comparison, for the
reference isotropic medium with � = � = 0, the
nonlinearity factor is infinite, the maximum of
�tPS is also 20% of the zero-offset time, and �xPS

is up to 110% of zd. Since the magnitude of the
asymmetry attributes is relatively large, it should
be possible to estimate both �tPS and �xPS with
high accuracy.

If we assume that the error in the asymmetry at-
tributes is 2%, the parameters VP0, VS0, and zd are
well constrained �the standard deviation is less
than 1%�, and the standard deviation in � is only
1° �Figure 6�. In agreement with the relatively
small value of the nonlinearity factor, however,
the inverted anisotropic parameters � and � ex-
hibit more scatter, with the standard deviation
reaching 0.06 and 0.04, respectively.Also, the es-
timates of � and � degrade rapidly as the error in
the asymmetry attributes increases, while the de-
viations in VP0, VS0, and zd remain small. It is clear
from Figure 6 that the best-constrained para-
meter combinations are � � �	 − ��/�1 + 2	�,
sin �/zd, and VP0/VS0. In principle, � and � for
large tilts can be obtained with sufficient accura-
cy from wide-azimuth PP and SS data, as demon-
strated by Grechka et al. �2002�.
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Inversion for a dipping TTI layer D129
If the tilt for the model from Figure 6 is reduced from 60° to 25°
Figure 7�, the nonlinearity factor increases to 1.1, which indicates
hat for the same errors in the input data the inversion should become

ore stable �i.e., the model parameters should be better resolved�.
he magnitude of �tPS for � = 25°, however, decreases to just 8% of
ero-offset time �the corresponding value for the reference isotropic
edium is 14%�. Therefore, we expect the uncertainty in the �tPS

nd �xPS to become larger for mild tilts.
If the error in the asymmetry attributes is set to 6%, the standard

eviation of the tilt � is almost the same �1°� as that in Figure 6. De-
pite the high resolution in �, Figure 7 shows that the standard devia-
ions in VP0, VS0, and zd increase to about 4%; the deviations in � and
are also substantial �0.08 and 0.05, respectively�. Although the ac-

uracy in all model parameters becomes much higher if the error in
he asymmetry attributes is limited to 2%, the small magnitude of
tPS and �xPS makes such low error levels unrealistic.
An interesting special case is that of an elliptically anisotropic me-

ium �� = ��. For the same tilt � = 25° as that in Figure 7, but with
= � = 0.2, the nonlinearity factor NL = 2.1, which indicates a

arge contribution of the higher-order terms in offset in the equations
or �tPS and �xPS. The magnitude of the time-asymmetry attribute is
lso substantial �about 20% of zero-offset time�,
o the inversion should be stable. It turns out,
owever, that the parameter estimation is feasible
nly if the elliptical condition is assumed in ad-
ance �i.e., the inversion is performed with
= ��. If the inversion is carried out without any

ssumption about � and �, several model parame-
ers exhibit large scatter, even though the tilt is
ell-constrained.
To understand the influence of the asymmetry

rror on the inverted parameters, we repeated the
nversion for a wide range of the standard devia-
ions in �tPS and �xPS �Figures 8 and 9�. Figure 8
hows that for the same-size errors in the input
ata, the velocity VP0 becomes better constrained
or models with larger tilt, whereas for � the op-
osite is true. The results for VP0 are explained by
he much lower sensitivity of this parameter to
istortions in tilt for models with large values of �
Figure 4b�. The standard deviations in the shear-
ave velocity VS0 and the distance zd are close to

hose for VP0.
Overall, the tilt remains well resolved for er-

ors in the asymmetry attributes of up to at least
5% �Figure 8b�. The accuracy in the parameters
P0, VS0, and zd, however, is acceptable only for

arge tilts over 40° �Figure 8a�. For moderate val-
es of �, between 25° and 40°, VP0, VS0, and zd can
e constrained using good-quality converted-
ave data that produce small errors in the asym-
etry attributes. If the tilt is smaller than 25°, the
oveout asymmetry is weak, and the large uncer-

ainty in �tPS and �xPS should make the estimates
f VP0, VS0, and zd highly inaccurate.

The standard deviations in the parameters �
nd � �Figure 9� show a pattern similar to that for
he tilt �Figure 8b�. For the same level of the
symmetry errors, both � and � are better re-
olved for smaller values of �. The error curves in

Figure 8. Erro
tion of the stan
stars�, 25° �tri
zd and the stan
are the same a

Figure 9. Sam
igure 9a and 9b have almost the same shape for all � because the pa-
ameter �, which is well constrained by the data, is close to a linear
ombination of � and �. However, because � does not directly con-
ribute to the vector of input data, its standard deviation is about 50%
arger �on average� than the deviation in �. Given the expected de-
rease of the asymmetry errors with tilt, the errors in � and � should
e almost constant for a wide range of moderate and large tilts and
apidly increase for quasi-VTI models with small values of �.

If wide-azimuth PP and PS data are available, we can design a
imilar inversion algorithm by combining the NMO ellipses, zero-
ffset traveltimes, and time slopes of the pure modes with the 3D
symmetry attributes of the PSV-wave. Linearization of equations
-26 and B-8 for small tilts � shows, however, that the variation of

he asymmetry attributes with azimuth � can be predicted from their
ip components �� = 0�:

�tPS��� = �tPS�0� cos� , �19�

�xPS��� = �xPS�0� cos� . �20�

ence, the magnitude of the asymmetry attributes decreases away
rom the dip direction and goes to zero in the �x2,x3�-plane. The

tandard deviation� in �a� the velocity VP0 and �b� the tilt � as a func-
eviation in the asymmetry attributes. The tilts are 10° �the line with

�, 40° �circles�, and 60° �squares�. The parameters VP0, VS0, �, �, and
eviations in the NMO velocities, zero-offset times, and time slopes
in Figure 6.

ure 8, but the error is computed for the parameters �a� � and �b� �.
r �the s
dard d
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D130 Dewangan and Tsvankin
eakened moveout asymmetry for azimuths away from the dip di-
ection means that including the azimuthal variation of �tPS and
xPS can increase the signal-to-noise ratio only marginally.An alter-
ative or complementary option for enhancing the signal is summa-
ion �stacking� of the dip components of the asymmetry attributes for
djacent CMP locations under the assumption of weak lateral heter-
geneity.

For large tilts �� � 40°�, the azimuthal variation of the moveout
ttributes becomes more complicated and cannot be described by
quations 19 and 20. Numerical testing �not included here� indicates
hat if � � 40°, the factors �tPS��� and �xPS��� measured in wide-
zimuth surveys provide useful constraints on the model parameters.
owever, for wide-azimuth data acquired over TTI layers with large

ilts �dips�, the asymmetry attributes are redundant because the in-
ersion can be carried out using PPand SS data alone �Grechka et al.,
002�.

CONCLUSIONS

The modified PP + PS = SS method is applied here to the inver-
ion of multicomponent �PP and PSV� data acquired over a dipping
TI layer with the symmetry axis orthogonal to the layer’s bottom.
s is the case for a horizontal TTI layer, the moveout asymmetry at-

ributes of the PSV-wave play a crucial role in the parameter-estima-
ion procedure.

To analyze the moveout asymmetry in the vertical plane that con-
ains the symmetry axis �the symmetry-axis plane�, we developed
eak-anisotropy, small-offset approximations for the time- and off-

et-asymmetry attributes ��tPS and �xPS�. Although the anisotropy
as a strong influence on both �tPS and �xPS even at small offsets, the
eading terms in offset depend just on the moveout parameters of the
ure �PP and SS� reflection modes. Therefore, independent informa-
ion for the inversion procedure is contained only in the higher-order
erms in offset that become significant when the offset-to-depth ratio
or the PS-waves approaches two.

It should be emphasized that 2D moveout inversion of just pure-
ode �PP and SS� data in the symmetry-axis plane is nonunique, and

ven 3D inversion breaks down for small and moderate tilts � of the
ymmetry axis. The addition of the PS-wave asymmetry attributes to
he NMO velocities, zero-offset traveltimes, and reflection time
lopes of the recorded PP-waves and the constructed SS-waves can
elp to invert 2D data in the symmetry-axis plane without a priori in-
ormation. The inversion algorithm is designed as a two-stage proce-
ure, with the attributes �tPS and �xPS computed only for the family
f plausible models, which fit the pure-mode data.

To predict the stability of the inversion for a given TTI model, we
ntroduce the nonlinearity factor �NL� which quantifies the relative

agnitude of the cubic and higher-order terms in offset for the time
symmetry �tPS. Relatively small values NL � 1, which result in
art from limited offset range of the acquired PP and PS data, typi-
ally indicate that the estimated parameters are highly sensitive to
oise.

Application of the algorithm to noise-contaminated input data
hows that the tilt � of the symmetry axis is well resolved even when
he model approaches VTI �� = 0°�. The accuracy in the symmetry-
irection velocities VP0 and VS0 and the distance zd from the CMP to
he reflector is sufficient only if the symmetry axis deviates by at
east 25° from the vertical. For moderate tilts 25° � � � 40°, how-
ver, the inversion for VP0, VS0, and zd is possible only if the errors in
he asymmetry attributes are relatively small �i.e., for high-quality
ata�. The resolution in the anisotropy parameters � and � is flat
ver a wide range of moderate and large tilts, with � constrained
uch tighter than �. For quasi-VTI models with � � 15–20°, the
agnitude of the asymmetry attributes is insufficient for reliable es-

imation of all model parameters, except for the tilt itself. Our analy-
is shows that the best-constrained parameter combinations over a
ide range of tilts are � � �	 − ��/�1 + 2	�, sin�/zd, and VP0/VS0.
On the whole, the 2D inversion in the symmetry-axis plane gives

cceptable results if the tilt exceeds 40° and, for high-quality input
S data, for the range of moderate tilts 25° � � � 40°. Still, the ac-
uracy of the inverted parameter � is marginal even for large values
f � �i.e., for large tilts and dips�. Note that the inversion for � � 40°
an be accomplished even without the asymmetry information, but it
equires wide-azimuth PP and PS �or PP and SS� data. The addition
f wide-azimuth data �including the asymmetry attributes�, howev-
r, does not help in the parameter estimation for moderate tilts.

The inversion algorithm developed here can help in building TTI
elocity models in depth from multicomponent reflection data. Tak-
ng tilted transverse isotropy in dipping layers into account is partic-
larly important in fold-and-thrust belts �such as the Canadian Foot-
ills� and near salt domes.
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APPENDIX A

APPROXIMATE TIME-ASYMMETRY
ATTRIBUTE FOR THE PSV-WAVE

o derive explicit expressions for the PSV-wave time- and offset-
symmetry attributes in a TTI layer, we use the exact parametric rep-
esentation of converted-wave moveout developed in Tsvankin
2001, Chapter 5� and Tsvankin and Grechka �2002�. The PS-wave
eflection traveltime in a homogeneous layer above a plane dipping
eflector can be found in the following form:

tPS � tP + tS = zr�qP − p1P q,1P − p2P q,2P

+ qS − p1S q,1S − p2S q,2S� , �A-1�

here tP and tS are the traveltimes along the P- and S-legs, respec-
ively; zr is the depth of the conversion point at the reflector; p1 and p2

re the horizontal components of the slowness vector �the subscripts
P and S indicate the wave type�; q � p3 is the vertical slowness; and

,i � �q/�pi �i = 1,2�. The depth of the conversion point can be
epresented in terms of the vertical distance zCMP from the CMPto the
eflector:

zr =
zCMP

1 + �z
, �A-2�
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Inversion for a dipping TTI layer D131
�z =
tan �

2
��q,1P + q,1S��1 + �q,2P + q,2S��2� . �A-3�

ere 
�1,�2� is a horizontal unit vector in the updip direction and � is
he reflector dip.

The source-receiver offset xPS of the PS-wave and the azimuth �
f the source-receiver line with respect to the x1-axis can be written
s

xPS = �xPS� = 	x1
2 + x2

2, �A-4�

� = tan−1� x2

x1
 , �A-5�

here x1 and x2 are the components of the source-receiver vector xPS:

x1 = zr�q,1P − q,1S� , �A-6�

x2 = zr�q,2P − q,2S� . �A-7�

detailed derivation of equations A-1–A-7 can be found also in
svankin �2001,Appendix 5E�.

For a weakly anisotropic TTI layer ���� � 1 and ��� � 1�, the
symmetry attribute �tPS obtained from the PP + PS = SS method
equations 1 and 2� can be linearized in the anisotropic coefficients �
nd � under the additional assumption of small offset xPS. Here, we
onsider a TTI layer with the tilt of the symmetry axis equal to the re-
ector dip �Figure A-1�. Since the PP + PS = SS method operates
ith the PP and PS arrivals that have the same reflection point,
nell’s law dictates that the projection of the slowness vector onto

he reflector is identical �in absolute value� for all reflected waves.
Using simple trigonometric relationships, the slowness compo-

ents for the incident and reflected P-waves can be written as

pi1 = pint1 cos� + qVTI sin� , �A-8�

pr1 = − pint1 cos� + qVTI sin� , �A-9�

pi2 = pint2 = − pr2, �A-10�

here pint1 and pint2 are the slowness components of the incident and
eflected waves along the interface in the dip and strike directions,
espectively; qVTI is the slowness component in the symmetry-axis
irection; pi1 and pr1 are the horizontal slownesses of the incident
nd the reflected waves in the symmetry-axis �dip� plane �Figure
-1�; and pi2 and pr2 are the slowness components of the incidence

nd reflected waves in the strike direction. The above relationships
etween the slownesses remain valid for the S-wave as well.

In the weak-anisotropy approximation, qVTI can be expressed in
erms of pint1 and pint2 using the VTI equations for P-waves �Tsvankin
nd Grechka, 2000�:

qVTI = qP0�1 −
�pint1

2 + pint2
2 �

qP0
2


�� + �� − ���p2 + p2 �V2 �� , �A-11�
int1 int2 P0
qP0 = 	 1

VP0
2 − �pint1

2 + pint2
2 � . �A-12�

ubstituting the approximate qVTI from equation A-11 into equations
-8 and A-9 and linearizing the resulting expressions for small off-

et-to-depth ratio ��pint1VP0� � 1, �pint2VP0� � 1�, we obtain

pi1 =
sin�

VP0
+ pint1 cos� −

�pint1
2 + pint2

2 �VP0 sin� �1 + 2��
2

,

�A-13�

pr1 =
sin�

VP0
− pint1 cos� −

�pint1
2 + pint2

2 �VP0 sin� �1 + 2��
2

.

�A-14�
he linearized equation for the vertical slowness components q and

heir partial derivatives q,i � �q/�pi �i = 1,2� are derived from pi1

nd pi1 following the procedure discussed in Part 1.
If the asymmetry attributes are computed on a line with a fixed

zimuth �, the relationship between p int1 and pint2 can be obtained by
inearizing equation A-5:

pint2 = pint1
tan�

cos�
. �A-15�

lthough this result is derived in the limit of weak anisotropy and
mall offset, numerical testing shows that it remains valid for arbi-
rary strength of the anisotropy and the full offset range.

To express the asymmetry attributes as a function of depth be-
eath the CMP location �zCMP�, we simplify equations A-2 and A-3
or the depth zr of the conversion point using the weak-anisotropy,
mall-offset approximation:

zr = zCMP �cos2 � − �1 + 4��pint1
2 VP0

2 sin2 �� . �A-16�

The contribution of the P-leg to the time asymmetry can be ob-
ained by substituting equation A-1 into equation 1. We use equa-

igure A-1. Geometrical relationships between the slowness com-
onents of the incident and reflected P-waves in the dip plane of a
TI layer. The symmetry axis is orthogonal to the dipping interface.
i and pr are the slowness vectors of the incident and reflected waves,
espectively; pi1 and pr1 are the horizontal slowness components of
he incident and reflected waves. qVTI is the slowness component
long the symmetry axis, and pint1 is the slowness projection onto the
nterface in the dip plane.
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D132 Dewangan and Tsvankin
ions A-13 and A-14 to find the partial derivatives of the vertical
lownesses needed in equation A-1, which yields the traveltime as a
unction of the slowness components pint1 and pint2 along the inter-
ace. Equation A-15 then helps to obtain the time-asymmetry at-
ribute on a line with azimuth �. After further linearization in the pa-
ameters �, �, and the combinations �pint1VP0� and �pint2VP0� using
ymbolic software Mathematica, we find

�tP = 2zCMPpint1 sin� �1 + 2� + pint1
2 VP0

2 �1 + 4��


�1 +
tan2 �

cos2 �
� . �A-17�

The approximate time asymmetry of the P-leg in equation A-17
s expressed through the slowness pint1, which cannot be estimated
irectly from surface reflection data. It is more practical to represent
he asymmetry through the offset xPP of the reflected PP-wave. Sub-
tituting the derivatives of the vertical P-wave slowness qP into
quations A-6 and A-7 and evaluating the result for the slownesses
iven by equations A-13 and A-14, we obtain the PP-wave offset
xPP� from equation A-4:

xPP = pint1VP0 zCMP sec��2 + 4� + pint1
2 VP0

2


�1 − 4� + 8���1 +
tan2 �

cos2 �
� . �A-18�

quations A-17 and A-18 cannot be used in the strike direction ��
90°� where pint1 = 0. To remove this ambiguity, we replace pint1

ith pint2 for � = 90° using equation A-15.
It is convenient to expand �tP in a Taylor series in xPP around zero

ffset:

�tP =
��tP

� xPP
xPP +

1

6

�3�tP

� xPP
3 xPP

3 + ¯ �A-19�

quation A-19 contains only odd powers of offset because the terms
ven in xPP do not contribute to the moveout asymmetry. Evaluating
he partial derivatives in equation A-19 using the chain rule applied
o equations A-17 andA-18, we arrive at

�tP =
sin� cos�

VP0
xPP +

�1 − 2��sin� cos3�

8V P0 zCMP
2


�1 +
tan2 �

cos2 �
xPP

3 . �A-20�

The linearized contribution of the S-leg to the time-asymmetry
ttribute can be found from the P-wave equation A-20 using the
eneral transformation rule valid in the limit of weak anisotropy
Tsvankin, 2001, p. 26�:

VP0 → VS0, � → 0, � → 	;

	 �
VP0

2

VS0
2 �� − �� .

he above substitutions give the following expression for the corre-
ponding S-wave asymmetry component �t :
S
�tS =
sin� cos�

VS0
xSS +

�1 − 2	�sin� cos3�

8VS0 zCMP
2


�1 +
tan2 �

cos2 �
xSS

3 . �A-21�

lthough the common-midpoints for the PP- and SS-waves pro-
essed by the PP + PS = SS method are not exactly the same, the
ifference between the values of zCMP for �tP and �tS can be ignored
f the offsets are sufficiently small. Because of the typically large ve-
ocity ratios VP0/VS0, the offsets of the constructed SS-wave seldom
xceed the reflector depth, so the term xSS

3 in equation A-21 can be
eglected.

The total time-asymmetry attribute of the PS-wave can be found
y substituting equations A-20 and A-21 into equation A-1 and tak-
ng into account that the contributions of the P- and S-legs should
ave opposite signs �Part 1�:

�tPS = sin� cos�� xPP

VP0
−

xSS

VS0
 +

�1 − 2��sin� cos3�

8VP0 zCMP
2


�1 +
tan2 �

cos2 �
xPP

3 . �A-22�

Since the offsets xPP and xSS are related to each other, equation
-22 can be further simplified by expressing xPP through xSS.Apply-

ng the transformation P-to-S rule to equation A-18 yields the offset
SS as a function of pint1 and azimuth �:

xSS = pint1VS0 zCMP sec��2 + 4	

+ pint1
2 VS0

2 �1 − 4	��1 +
tan2 �

cos2 �
� . �A-23�

Expanding xPP in a cubic Taylor series in xSS around zero offset
eads to

xPP =
�xPP

�xSS
xSS +

1

2

�2xPP

�xSS
2 xSS

2 +
1

6

�3xPP

� xSS
3 xSS

3 . �A-24�

he derivatives in equation A-24 can be determined from equations
-18 and A-23, which gives the following expression for the PP-
ave offset:

xPP =
VP0�1 + 2��
VS0�1 + 2	�

xSS +
�1 − 4� + 8��VP0

3 cos2 �

8�1 + 2	�3VS0
3 zCMP


�1 +
tan2 �

cos2 �
xSS

3 . �A-25�

ormally, in the linearized weak-anisotropy approximation the pa-
ameter 	 has to be dropped from the denominator of the xSS

3 -term.
owever, since 	 can be relatively large for typical TI formations,
eeping it in the denominator increases the accuracy of the approxi-
ation for the time asymmetry.

Substituting equation A-25 into equation A-22, we obtain the fi-
al expression for the time-asymmetry attribute in terms of the offset

:
SS
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�tPS =
− 2sin� cos�

VS0
� xSS +

�1 + 4��VP0
2 sin� cos3�

4�1 + 2	�3VS0
3 zCMP


�1 +
tan2�

cos2�
xSS

3 , �A-26�

here � � �	 − ��/�1 + 2	�.

APPENDIX B

APPROXIMATE OFFSET-ASYMMETRY
ATTRIBUTE

ere, we apply the approach described in Appendix A to obtain an
pproximation for the offset-asymmetry attribute of the PSV-wave
n a TTI layer. Using equations 2 and A-6, we can write an exact
arametric equation for the projection of the offset-asymmetry vec-
or �xPS onto the x1-axis as

�x1PS
� �x1P

− �x1S
= zr �q,Pi

+ q,Pr
− �q,Si

+ q,Sr
�� ,

�B-1�

here q is the vertical slowness, q,Pi
� �qP/�Pi, q,Pr

� �qP/�Pr,
,Si

� �qS/�Si, and q,Sr
� �qS/�Sr; Pi and Pr are the horizontal slow-

esses for the incident and reflected legs of the P-wave, and Si and Sr

re the same quantities for the S-wave. The slowness vectors are re-
ated to each other by Snell’s law at the reflection point.

To express the P-wave component of �x1PS
as a function of the

lowness projection onto the interface in the dip plane �pint1�, we
valuate the derivatives of the vertical slowness from Appendix A
sing equations A-13 and A-14 derived in the weak-anisotropy,
mall-offset limit:

�x1P
= zr�q,Pi

+ q,Pr
�

= zr sec2� tan� �1 + 2�1 + 4��pint1
2 VP0

2 + cos 2�� .

�B-2�

t is of interest that equation B-2 is independent of pint2. The transfor-
ation rule gives the corresponding equation for the S-wave:

�x1S
= zr sec2 � tan� �1 + 2�1 + 4	�pint1

2 VS0
2 + cos 2�� .

�B-3�

ubstituting the P- and S-wave asymmetry contributions from equa-
ions B-2 and B-3 into equation B-1 yields

�x1PS
= 2zr pint1

2 sec2 � tan� ��1 + 4��VP0
2 − �1 + 4	�VS0

2 � .

�B-4�

xpressing the depth of the reflection point zr in terms of zCMP using
quation A-16, we obtain

�x1PS
= 2zCMPpint1

2 tan� ��1 + 4��VP0
2 − �1 + 4	�VS0

2 � .

�B-5�

o find �x1PS
as a function of the SS-wave offset xSS, we substitute

int1 from equation A-23:

�x =
tan�� �1 + 4��VP0

2

− 1�x2 cos2 � . �B-6�
1PS 2zCMP �1 + 4	�VS0
2 SS
The magnitude xPS of the offset-asymmetry vector for any azi-
uth � can be obtained by combining equations A-4 andA-5:

�xPS =
�x1PS

cos�
. �B-7�

ubstituting equation B-6 into equation B-7 yields

�xPS =
tan�

2zCMP

� �1 + 4��VP0
2

�1 + 4	�VS0
2 − 1�xSS

2 cos� . �B-8�

In the presence of moveout asymmetry, the minimum traveltime
f PS-waves in a CMP gather occurs at nonzero offset. As discussed
n Part 1 and Tsvankin �2001,Appendix 5B�, the offset xmin��� of the
raveltime minimum corresponds to the PS ray for which the projec-
ions of the slowness vectors for the P- and S-legs onto the CMP line
re equal to each other. The dip component of the slowness projec-
ion onto the interface can be found in the limit of weak anisotropy,
mall offset, and small dip as

pint1
min =

sin� cos2 �

2
� 1

VS0
−

1

VP0
 . �B-9�

quation B-9 contains no contribution of the anisotropic parameters
nd coincides with the expression for pint1

min for isotropic or VTI media
iven in Tsvankin �2001,Appendix 5D.2�.

Evaluating the derivatives of the vertical slowness �seeAppendix
� at pint1

min and substituting the result into equations A-4, A-6, and
-7, we find the azimuthally varying offset of the traveltime mini-
um:

xmin��� =
zCMP

2 cos�
� sin�

VP0
−

sin�

VS0
�


�VP0�1 + 2�� + VS0�1 + 2	�� cos� .

�B-10�
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